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Abstract

This paper proposes a pseudo-model following (PMF) discrete integral variable structure control (DIVSC) scheme to

control the position of a slider crank coupled with a pseudo-model (PM) synchronous motor. Applying the Grey modeling

method, the reference model and plant are on-line converted to pseudo-reference model and accumulated model,

respectively. The advantage is that the least data and memory are used in this modeling procedure. The DIVSC is

introduced to guide the model following motion. The integral controller is used to reduce the steady-state error. The

switching controller is used to finish the sliding motion. The two existing condition of the discrete sliding mode are

introduced in this paper, too. Finally, the position control of the slider crank is used to show the performance of the

proposed control scheme. The simulation and experimental results show the robustness and the practicability.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

The slider-crank mechanism is a basic structure in mechanical application. It can convert the rotational
motion into translation motion. For examples, fretsaws, petrol and diesel engines are the typical application of
its velocity control. Jasinski et al. [1], Zhu and Chen [2] and Badlani and Kleinhenz [3] have successfully solved
the steady-state solutions of a slider crank few years ago. According to Ref. [4], the response of slider crank is
dependent on length, mass, damping, external piston force and frequency. Based on the viewpoints of the
ratios, length and speeds of the crank to the connecting rod, the transient responses have been investigated [5].
Taking the actuator into consideration, the dynamic model of the slider-crank mechanisms actuated by the
field-oriented control pseudo-model (PM) synchronous [6,7,9] is published. With Hamilton principle and
Lagrange multiplier method, model equations of the slider-crank mechanism coupling with PM synchronous
are formulated [8–10]. Obviously, the mathematical model of slider-crank mechanism is nonlinear and
complex. This characteristic also causes the difficulty of designing its controller. In order to simplify the
controller design, the approximated linear model is proposed by many linearized procedures, such as regional
partial differential (Bracket Lee’s method) [11,12], etc. With the great advance in microprocessor, the
calculation process is speeded up significantly. Hence, the related data acquisition and theory calculation can
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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be finished in a small period. The dynamic response can be approximated segment by segment to linear model.
In this paper, a Grey modeling method is used to establish the approximated segment-by-segment model
instantaneously. The most important advantage of Grey theory [13–15] is that it only needs at least four time-
series data to establish the Grey model. Hence, the modeling calculation can be quickly finished.

After finishing the on-line modeling, the discrete integral variable structure control (DIVSC) [16,17] is
applied to deal with tracking guidance. A previously defined model is used to be a reference model. By Grey
theory operation, a pseudo-reference model is established. At the same time, by on-line Grey modeling
process, an accumulated plant is established to approximate the linear plant. The controller’s objective of
DIVSC is to make the plant to track the reference model. The dynamic response of tracking work is guided by
a previous defined sliding surface. The integral variable controller is added to eliminate the steady-state error.
The switching controller is used to guide the tracking motion. At the same time, the control signal must satisfy
the existing conditions [16,17] of the discrete sliding mode, that are

DSðkÞ ¼ Sðk þ 1Þ � SðkÞo0, (1a)

jDSðkÞjod, (1b)

where the d is a small positive constant. The first condition is used to make sure that the sliding motion is
moved toward the sliding surface. The second condition is used to guarantee the convergence of the sliding
motion.

Finally, in order to examine the performance of the proposed controller, the experimental equip-
ment is developed on a PC-based platform. The position of slider crank is controlled by the DIVSC based on
Grey model. The simulation and experimental results will show the robust performance under external load
existed.

2. Slider crank actuated by a PM synchronous

2.1. PM synchronous

Usually, the PM synchronous motor is coupled with a gear speed reducer with a gear ratio of n ¼ y/ym. If
the driver of PM motor is well-designed, the dynamic equation of the PM motor can be simplified to be

n � t ¼ n � Kt � iq ¼ Jm
€yþ Bm

_y, (2)

where iq is the applied current command, Kt is the torque constant, Jm and Bm are the inertia and viscous
constants, respectively. Hence, the model of a PM synchronous motor can be shown in the block diagram of
Fig. 1.

2.2. Displacement of slider-crank mechanism

The slider-crank mechanism system is shown in Fig. 2.
The slider-crank mechanism consists of three parts: crank, rod and slider. The y is the angular from the

reference zero degree position. In the closed triangular, the constraint equation [6,7,9] is shown to be

R sin a� L sin b ¼ 0, (3)

where a ¼ 1801�y. Hence, the angular between the rod and the vertical line can be found to be

b ¼ sin�1
R

L
sin a

� �
. (4)
Jms+Bm

1
Kt s

1
n

iq  �m �m ��

Fig. 1. Block diagram of a PM synchronous motor.
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Fig. 2. Slider crank mechanism system.

C.-W. Chuang / Journal of Sound and Vibration 301 (2007) 510–520512
The displacement of slider crank D will be described like

D ¼ R cos aþ L cos b

¼ R cos aþ L cos sin�1
R

L
sin a

� �� �
. ð5Þ

Obviously, it is a nonlinear equation. The coupling effect will cause the difficulty to implement the position
controller. The proposed control scheme can easily deal with the complex plant just like the linear systems
real-time.

3. PMF-DIVSC

The structure of the PMF-DIVSC method is shown in Fig. 3. There are two steps while designing the PMF-
DIVSC. The first step is the Grey modeling. The second one is the model following DIVSC rule.

The desired performance is chosen based on the reference model. In the step of Grey modeling, two second-
ordered Grey models are established according to Grey theory. The Grey model of reference model is defined
as a ‘‘Pseudo-Reference Model.’’ The Grey model of the controlled plant is called ‘‘Accumulated Model’’.

The objective of controller is to make the accumulated model to follow the pseudo-reference model. The
model following DIVSC rule, will play the role to achieve this goal.

3.1. The Grey modeling theory

The white systems are defined as known systems. The black systems are totally unknown. The Grey systems
are the ones between these two systems. Only the parts of parameters, the order and the relationship of I/O are
known in Grey systems. To solve the Grey systems, the Grey theory is proposed by Dr. Deng in 1982 [11]. It
uses input and output data to set up the discrete Grey model to describe the I/O mathematical relationship. To
apply the modeling theory, only four time-series I/O data are needed for calculation. Hence, this method can
speed up the modeling procedure and reduce the usage of memory.

To avoid the singular point, firstly the data are biased by a proper constant, that is

X ð0ÞðiÞ ¼ xðk þ i � 4Þ þDC; i ¼ 1; 2; 3; 4, (6)

U ð0ÞðiÞ ¼ uðk þ i � 4Þ þDC; i ¼ 1; 2; 3; 4, (7)

where x(k) and u(k) are the output and input data, respectively. The k means this sampling time, and the (k�1)
is the previous sampling time. The accumulated generated operation (AGO) used to approximate the integral
relationship is defined as

X ð1ÞðiÞ ¼
Xi

j¼1

X ð0ÞðjÞ; i ¼ 1; 2; 3; 4, (8)
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Fig. 3. Block diagram of PMF-DIVSC method.
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U ð1ÞðiÞ ¼
Xi

j¼1

U ð0ÞðjÞ; i ¼ 1; 2; 3; 4. (9)

By these data after AGO, the two variables and the second-ordered Grey model, called GM(2,2), is
defined as

d2X ð1ÞðiÞ

dt2
þ a2ðiÞ

dX ð1ÞðiÞ

dt
þ a1ðiÞX

ð1ÞðiÞ ¼ bðiÞU ð1ÞðiÞ. (10)

Because the Grey model is based on discrete sampling data, the differential Eq. (10) is transferred to
difference equation, that is

D2X ð1ÞðiÞ � a2ðiÞDX ð1ÞðiÞ � a1ðiÞZ
ð1ÞðiÞ ¼ bðiÞU ð1ÞðiÞ, (11)

where D2X ð1ÞðiÞ ¼ X ð0ÞðiÞ � X ð0Þði � 1Þ and D1X ð1ÞðiÞ ¼ X ð0ÞðiÞ. The mean values of accumulated variable series
are defined as

Zð1ÞðiÞ ¼ 1
2
½X ð1ÞðiÞ þ X ð1Þði � 1Þ�; i ¼ 2; 3; 4. (12)

Finally, applying the data series to Eq. (11), the Grey modeling parameters can be obtained as

a2ðiÞ

a1ðiÞ

bðiÞ

2
64

3
75 ¼ ½ðAjBÞTðAjBÞ��1ðAjBÞTYn, (13)

where

A ¼

�D1X ð1Þð2Þ

�D1X ð1Þð3Þ

�D1X ð1Þð4Þ

2
64

3
75; B ¼

�Zð1Þð2Þ U ð1Þð2Þ

�Zð1Þð3Þ U ð1Þð3Þ

�Zð1Þð4Þ U ð1Þð4Þ

2
64

3
75 and Yn ¼

D2X ð1Þð2Þ

D2X ð1Þð3Þ

D2X ð1Þð4Þ

2
64

3
75.

3.2. The PMF-DIVSC theory

After the first step of Grey modeling, the two real-time Grey models are established. Let the both models are
described in discrete form as

Pseudo-reference model:

D2X
ð1Þ
ref ðkÞ � aref

2 ðkÞD
1X
ð1Þ
ref ðkÞ � aref

1 ðkÞZ
ð1ÞðiÞ ¼ bref

ðkÞRð1ÞðkÞ. (14a)

Accumulated plant model:

D2X ð1Þp ðkÞ � a
p
2ðkÞD

1X ð1Þp ðkÞ � a
p
1ðkÞZ

ð1ÞðiÞ ¼ bp
ðkÞU ð1ÞðkÞ, (14b)

where R(1)(k) is the input command after the AGO.
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The tracking error of both pseudo-reference model and accumulated model is defined as

eðtÞ ¼ X ð1Þp ðtÞ � X
ð1Þ
ref ðtÞ.

The error difference is obtained as

DeðtÞ ¼ DX ð1Þp ðtÞ � DX
ð1Þ
ref ðtÞ ¼ X ð0Þp ðtÞ � X

ð0Þ
ref ðtÞ.

The second-ordered error difference is obtained as

D2eðkÞ ¼ D2X ð1Þp ðkÞ � D2X
ð1Þ
ref ðkÞ ¼ �a

p
1ðkÞeðkÞ � a

p
2ðkÞeðkÞ þ bp

ðkÞU ð1ÞðkÞ

þ ðaref
1 ðkÞ � a

p
1ðkÞÞX

ð1Þ
ref ðkÞ þ ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ � bref

ðkÞRð1ÞðkÞ. ð15Þ

An integral controller is introduced in order to decrease the steady-state error [14,15], that is

DY ðkÞ ¼ eðkÞ. (16)

Let the sliding surface according to the desired performance is defined as

SðkÞ ¼ c1ðeðkÞ � KI Y ðkÞÞ þ DeðkÞ. (17)

According to the Eqs. (14)–(16), the time difference of the sliding surface can be obtained as

DSðkÞ ¼ Sðk þ 1Þ � SðkÞ ¼ �c1KIDY ðkÞ þ c1DeðkÞ þ D2eðkÞ

¼ ð�c1KI � a
p
1ðkÞÞeðkÞ þ ðc1 � a

p
2ðkÞÞDeðkÞ þ bpU ð1ÞðkÞ

þ ½ðaref
1 ðkÞ � a

p
1ðkÞÞX

ð1Þ
ref ðkÞ þ ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ � brefRð1ÞðkÞ�. ð18Þ

The control signal is decided by satisfying the existing conditions of the discrete sliding mode, that are

DSðkÞ ¼ Sðk þ 1Þ � SðkÞo0, (19a)

jDSðkÞjod, (19b)

where the d is a small positive constant. Let the switching controller is defined as

U ð1ÞðkÞ ¼ K1ðkÞeðkÞ þ K2ðkÞDeðkÞ þ K3ðkÞ, (20)

where

K1ðkÞ ¼
Kþ1 if SðkÞeðkÞX0;

K�1 if SðkÞeðkÞo0;

(

K2ðkÞ ¼
Kþ2 if SðkÞDeðkÞX0;

K�2 if SðkÞDeðkÞo0;

(

K3ðkÞ ¼
Kþ3 if SðkÞX0;

K�3 if SðkÞo0:

(

Substituting Eq. (20) into Eq. (18), the ranges of the switching gains Ki(k), i ¼ 1, 2, 3 can be obtained by
satisfying the first existence condition of discrete sliding mode [14,15], that is Eq. (19a).

SðkÞDSðkÞ ¼ ð�c1KI � a
p
1ðkÞ þ bp

ðkÞK1ðkÞÞeðkÞ þ ðc1 � a
p
2ðkÞ þ bp

ðkÞK2ðkÞÞDeðkÞ

þ ½ðaref
1 ðkÞ � a

p
1ðkÞÞX

ð1Þ
ref ðkÞ þ ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ

� brefRð1ÞðkÞ þ bp
ðkÞK3ðkÞ�o0. ð21Þ
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Hence,

K1ðkÞ ¼

Kþ1 omin
1

bp
ðkÞ
ðc1KI þ a

p
1Þ

� �
if SðkÞeðkÞX0;

K�1 4max
1

bp
ðkÞ
ðc1KI þ a

p
1Þ

� �
if SðkÞeðkÞo0;

8>>><
>>>:

(22a)

K2ðkÞ ¼

Kþ2 omin
1

bp
ðkÞ
ð�c1 þ a

p
2Þ

� �
if SðkÞDeðkÞX0;

K�2 4max
1

bp
ðkÞ
ð�c1 þ a

p
2Þ

� �
if SðkÞDeðkÞo0;

8>>><
>>>:

(22b)

K3ðkÞ ¼

Kþ3 omin
1

bp
ðkÞ
ð�ðaref

1 ðkÞ � a
p
1ðkÞÞX

ð1Þ
ref ðkÞ � ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ þ brefRð1ÞðkÞÞ

� �
if SðkÞX0;

Kþ3 4max
1

bp
ðkÞ
ð�ðaref

1 ðkÞ � a
p
1ðkÞÞX

ð1Þ
ref ðkÞ � ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ þ brefRð1ÞðkÞÞ

� �
if SðkÞo0:

8>>>>>>>>><
>>>>>>>>>:

(22c)

To satisfy the second existence condition of the sliding mode, that is Eq. (19b), the domains of the switching
gains are found.

jDSðkÞjpjð�c1KI � a
p
1ðkÞ þ bp

ðkÞK1ðkÞÞeðkÞj þ jðc1 � a
p
2ðkÞ þ bp

ðkÞK2ðkÞÞDeðkÞj

þ j½ðaref
1 ðkÞ � a

p
1ðkÞÞX

ð1Þ
ref ðkÞ þ ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ � brefRð1ÞðkÞ þ bp

ðkÞK3ðkÞ�j

od1 þ d2 þ d3,

where d ¼ d1 ¼ d2+d3 and d1, d2 and d3 are small positive constants.
Let

jð�c1KI � a
p
1ðkÞ þ bp

ðkÞK1ðkÞÞeðkÞjod1,

then

max
1

bp
ðkÞ
ðc1KI þ a

p
1ðkÞÞ �

d1
jeðkÞj

� �
oK1ðkÞomin

1

bp
ðkÞ
ðc1KI þ a

p
1ðkÞÞ þ

d1
jeðkÞj

� �
. (23a)

The relation between the range and the domain of the switching gain K1(k) is shown in Fig. 4. The
intersection area of the range and the domain is the allowed selected value of the switching gain K1(k).

By the same method, the domains of the other switching gains are found as

max
1

bp
ðkÞ
ð�c1 þ a

p
2ðkÞÞ �

d2
jDeðkÞj

� �
oK2ðkÞomin

1

bp
ðkÞ
ð�c1 þ a

p
2ðkÞÞ þ

d2
jDeðkÞj

� �
, (23b)

max
1

bp
ðkÞ
ð�ðaref

1 ðkÞ � a
p
1ðkÞÞX

ð1Þ
ref ðkÞ � ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ þ brefRð1ÞðkÞÞ � d3

� �
oK3ðkÞ

omin
1

bp
ðkÞ
ð�ðaref

1 ðkÞ � a
p
1ðkÞÞX

ð1Þ
ref ðkÞ � ða

ref
2 ðkÞ � a

p
2ðkÞÞX

ð0Þ
ref ðkÞ þ brefRð1ÞðkÞÞ þ d3

� �
. ð23cÞ

Once the allowed selected values of the switching gains are decided, the two switching values can be chosen
to be the same values in absolute value. The switching is decided by the sign of the sliding surface. The control
signal can be rewritten to be

U ð1ÞðkÞ ¼ ðK1ðkÞjeðkÞj þ K2ðkÞjDeðkÞj þ K3ðkÞÞsgnðSðkÞÞ. (24)
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Fig. 4. The range and the domain of the switching gain.
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However, the sign function will cause the chattering phenomena. Therefore, the sign function is replaced by
the modified switching function, that is MsðkÞ ¼ SðkÞ=jSðkÞj þ s, where s is small positive constant.
4. Simulation results

In this section, the numerical simulation results are used to show the potential of the proposed control rule.
To demonstrate the performance of the proposed controller, this method is compared with a proportional-
integral-derivative (PID) control.

In this paper, the actual slider-crank mechanism dimensions are Kt ¼ 0.6732 kgmA�1, Jm ¼ 0.00062 kgm2

and Bm ¼ 0.000153Nms�1. The gear ration n is 1/30. The length of rod is 50 cm. The radius of the disk on
motor is 10 cm. Let the initial angle be y(0) ¼ 1/4prad. The objective is to control the desired periodically
translation position from 0.343 and 0.443m. The desired specifications are settling time ts ¼ 0.5 s, maximum
overshoot MPo5% and steady-state error esso1%. The sampling time is 1ms in this paper for both
simulation and experiment.

Fig. 5 shows the response of PID controller, whose parameters KP ¼ 3.5695, KI ¼ 2.9267 and KD ¼ 0.7727
are chosen by Zigler–Nicholas rule. The blue line shows the response under no parameters variation and non-
external load existed. The other lines show the responses of changed with parameter variation and load
existed. Obviously, the overshoot and steady-state error have significant changes. It shows that the classical
controller is not suitable for the nonlinear plant.

Fig. 6 shows the response of the proposed controller. The blue line is the response under nominal condition.
The others are the responses under different conditions of the parameter varying and the load-existed. Due to
no obviously varying in these response, the proposed controller can be concluded to be robust to the
parameter varying and the load-existed.
5. Experimental results

In order to demonstrate the proposed control rule, the PC-based experimental equipment is setup in this
paper. The experimental instrument of slider crank is divided into three parts: actuator, slider crank and
controller. The photographic is shown in Fig. 7. The first part consists of a PM Synchronous motor, driver.
The driver is worked on 3-phase, 220V and 60Hz. The slider crank is coupled with the PM motor. The
translation position is measured by a photometer whose resolution is 1 p/mm. To test the robustness, the
different external loads are added by external mass (7 and 3 kg) on slider. The Pentium PC is used to handle
the hardware I/O process and controller software calculation. The interface card of NI PCI-7344 is installed in
the PC to feedback the photometer signal. The LabJack U12 with the USB interface is used to output the
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Fig. 6. Response of fuzzy PID control.

0 0.5 1 1.5 2 2.5 3 3.5 4
0.32

0.34

0.36

0.38

0.4

0.42

0.44

0.46

Time (sec)

X
b 

(m
)

Normal (m3=1.8Kg) Fe=0Nt)
Changed (m3=7.5Kg Fe=0Nt)
Changed (m3=1.8Kg Fe=5Nt)
Changed (m3=7.5Kg Fe=5Nt)

Fig. 5. Response of fixed PID control.
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analog control signal. The proposed control scheme is implemented by the LabVIEW software. At the same
time, the feedback signal is connected to a digital oscilloscope.

The experimental position response of the proposed controller without the external load is shown in Fig. 8.
The 2 voltages are mapped to 10 cm of the translation position. The rising time and steady-state error are
similar to the simulation results. By the same controller, the response with 7 kg load added is shown in Fig. 9.
Obviously, the rising time are kept within a small varying range. The steady-state error is the same as the
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Fig. 7. Experimental instrument of slider crank.

Fig. 8. Experimental position response without external load.

Fig. 9. Experimental position response without external load of 7 kg.

C.-W. Chuang / Journal of Sound and Vibration 301 (2007) 510–520518
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Fig. 10. Experimental position response without external load of 3 kg.
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response without load. The response of the different load (3 kg) is shown in Fig. 10. The curve is almost the
same as the response of 7 kg load existed. Obviously, the robustness of the proposed controller can be proved
by these experimental results.

6. Conclusion

This paper has presented the Grey theory to establish the pseudo-reference model and the accumulated
model. Applying the DIVSC rule, the model following work between these two models is achieved. The
relevant design procedures are detailed described, too. The position control of slider-crank mechanisms using
the proposed rule is implemented to compare with the classical PID rule. Simulation results show the PMF-
DIVSC approach is more robust than the PID approach. Experimental results show the proposed rule can
achieve accurate positioning control. Both results show the proposed rule is robust to plant parameter
variation and external load disturbances.
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